
CRITICAL LOGARITHMIC SOBOLEV STABILITY:
MOMENT BOUNDS AND HEAT FLOW

Abstract. We study the transport first variation of the Gaussian logarithmic Sobolev deficit. At
prescribed Fisher information and a second-moment cap, we determine the infimum of its squared
norm and all attainment cases. Remainder identities identify the Gaussian limit of every minimizing
sequence and its lost second moment. We also characterize the directional moment defects of
sequences with vanishing first variation; their normalized escaping components need not be Gaussian.
Although the instantaneous norm gives no dimension-free transport estimate, its integral along the
Ornstein–Uhlenbeck flow controls Wasserstein distance, Fisher information, and the deficit with
sharp constants. These estimates require no covariance or Poincaré assumption, and every centered
isotropic Gaussian gives equality. No fixed observation interval suffices. Finally, we identify the
Wasserstein metric slope at regular densities and extend the flow estimates to closed weighted
manifolds with positive weighted Ricci curvature.

1. Introduction

A small logarithmic Sobolev deficit and a small first variation of that deficit impose different
conditions on a probability density. The first variation involves third derivatives of the logarithm of
the density. Its norm can vanish along a sequence even when a small amount of mass carries a fixed
second moment to infinity. We determine the sharp moment constraint for this norm and show that
observing it along a diffusion restores dimension-free stability without that constraint.

Let γκ = N(0, κ−1Id) on Rn, with κ > 0. Write

(1.1) dπ = p(x) dx = e2h dγκ,

∫
e2h dγκ = 1,

and define b by
(1.2) ∆h − κx · ∇h + |∇h|2 + κh + b(x) = 0.

Every smooth positive density determines h and b. Thus our estimates concern densities, rather
than existence for a prescribed forcing. Unless stated otherwise, π is centered. Set

(1.3) E =
∫

|∇h|2 dπ, S =
∫

|x|2 dπ, B =
∫

|∇b|2 dπ.

The relative Fisher information is I(π | γκ) = 4E. For the logarithmic Sobolev deficit

(1.4) Dκ(π) = 1
2κ

I(π | γκ) − Ent(π | γκ),

the standard first-variation formulas [1, 13,17] give

(1.5) d

dt
Dκ((Id + tξ)#π)

∣∣∣∣
t=0

=
∫

Gπ · ξ dπ, Gπ = 2
κ

∇b,

for ξ ∈ C∞
c (Rn;Rn). In particular, ∥Gπ∥2

2 = 4B/κ2.

Theorem 1.1 (Optimal bound under a moment constraint). Fix n ≥ 1, κ > 0, and S0 > 0. Put

(1.6) emin =
(n − κS0)2

+
4S0

, e∗ = κ2

4

(
S0 − n

κ

)
.
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2 CRITICAL LOGARITHMIC SOBOLEV STABILITY

Among smooth positive centered probability densities with S ≤ S0, E = e, and B < ∞, the admissible
set is nonempty exactly when e ≥ emin, the classical Cramér–Rao threshold [8,11]. For every such e,

(1.7) inf B = 4
n

(e − e∗)2
+

(
κ + 4

n
(e − e∗)+

)
.

If S0 ≥ n/κ, the infimum is attained only when e = 0, by γκ. If S0 < n/κ, it is attained only
when e = emin, by the centered Gaussian with covariance (S0/n)Id. In every other case there are
minimizing sequences of finite Gaussian mixtures.

At the Gaussian second moment, the bound reads

(1.8) S ≤ n/κ =⇒ B ≥ 4κ

n
E2 + 16

n2 E3.

Above this moment, 0 < e ≤ e∗ has zero infimum. Theorem 4.3 identifies the Gaussian limit and
the lost second moment of every minimizing sequence. At Bj → 0, Theorem 5.1 describes every
directional moment defect by a finite measure on the sphere, and Proposition 5.2 shows why this
does not determine the shapes of normalized escaping components. Theorem 3.3 gives the sharp
bound at a prescribed information matrix.

The instantaneous estimate necessarily depends on dimension. Along the Ornstein–Uhlenbeck
flow πt, however, put g(t) = ∥Gπt∥2. Theorem 7.1 proves

(1.9) W2(π, γκ) ≤
∫ ∞

0
(eκt − 1)g(t) dt,

for every centered π ∈ P2(Rn), including singular measures. It gives companion bounds for
information and deficit, with equality in all three estimates for every centered isotropic Gaussian.
Corollary 7.3 shows that no fixed observation interval suffices. Theorem 9.1 identifies the actual
metric slope at regular densities, and Corollary 9.2 extends the flow estimates to closed weighted
manifolds.

Related work. Gross’s logarithmic Sobolev inequality and Talagrand’s transport inequality are
basic inputs [14, 20]. The Cramér–Rao feasibility condition, score integration identities, and
entropy–Fisher relation are classical [8, 19]. Bobkov–Gozlan–Roberto–Samson [4] and Eldan–Lehec–
Shenfeld [11] explain their consequences for the deficit. In particular, covariance thresholds, matrix
refinements, and Gaussian-mixture obstructions already occur in that literature. Our constrained
problem concerns the squared first variation; its uniform third-derivative estimates, exact remainder,
and minimizing-sequence limits are the additional assertions.

The diffusion identities and conditional-score formulas are standard [2, 15, 16]; higher conditional
derivatives are treated in [10]. The estimates along the flow use these formulas to integrate the
first-variation norm with sharp kernels. Unlike the deficit estimates of Fathi–Indrei–Ledoux [12],
they assume no Poincaré inequality for the density. The global integration argument uses the
logarithmic Bochner mechanism of Conrado [7], and the compactness proof invokes second-order
Fisher-information regularity from Gianazza–Savaré–Toscani [13].

Wei–Wu [21] obtain Gaussian approximation for a different, H−1, equation residual. Dovetta–
Serra [9] prove attainment for the deficit divided by squared L2 distance to the Gaussian cone.
Section 8 distinguishes that quotient from minimization under our constraints. The metric-slope
argument uses HWI [18], within the fourth-order information-flow framework of [13,17]. Its spherical
specialization concerns the slope of the sharp deficit, not a new spherical stability inequality [3, 5, 6].

2. Score identities and moment bounds

In Sections 2–6, p is smooth, strictly positive, and centered, and E, S, B < ∞. Unspecified
integrals are over Rn. We use the order on symmetric matrices and the Hilbert–Schmidt norm.
Write Σ =

∫
xxT dπ and C =

∫
∇h∇hT dπ.
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Here φℓ denotes the density of N(0, ℓ−1Id). Substituting p/φκ = e2h in the standard entropy and
Fisher first variations [1, 13,17] gives

δDκ

δp
= 2

κ
b − 1,(2.1)

∇b = −1
2∇∆ log p − 1

2(∇2 log p)∇ log p − κ
2 ∇ log p.(2.2)

Transport differentiation gives (1.5); the absolute expression (2.2) also shows that B is translation
invariant.

Write

(2.3) s = ∇ log p = 2∇h − κx, K = ∇2 log p, L = ∆ + s · ∇.

The operator L is symmetric for π. Define the absolute Fisher information matrix and its trace by

(2.4) J =
∫

ssT dπ, J = tr J .

Finiteness of E, S gives J < ∞. The classical score identities [8, 11] and the equation-specific
balances below will be used together. Appendix A verifies Hessian integrability and all boundary
limits under these assumptions.

Lemma 2.1 (Global identities). Under these assumptions, ∇2h and K belong to L2(π). Moreover,∫
s dπ = 0,

∫
xsT dπ = −Id,

∫
K dπ = −J ,(2.5) ∫

∇b dπ = 0,

∫
|∇2h|2 dπ =

∫
∇h · ∇b dπ,(2.6)

2
∫

∇b sT dπ = Q − κJ , Q =
∫

K2 dπ.(2.7)

In particular,
∫

∇h dπ = 0, and

(2.8) J = 4C + 2κId − κ2Σ, J = 4E + 2nκ − κ2S.

The information relation (2.8) is standard [11, Section 1.2]. At B = 0, (2.6) and centering give
the classical rigidity conclusion [7]

(2.9) B = 0 =⇒ p = φκ.

2.1. The scalar remainder.

Proposition 2.2 (Exact scalar remainder). Put ℓ = J/n. Then

B − n

4 ℓ(ℓ − κ)2 =
∫ ∣∣∣∣∇b − ℓ − κ

2 s

∣∣∣∣2 dπ

+ ℓ − κ

2

∫
|K + ℓId|2 dπ.(2.10)

Consequently, if J ≥ nκ,

(2.11) B ≥ J(J − nκ)2

4n2 .

If J > nκ, equality holds exactly for centered isotropic Gaussians of precision J/n. If J = nκ,
equality holds exactly for γκ.

Proof. Taking the trace in (2.7) gives

2
∫

∇b · s dπ =
∫

|K|2 dπ − κJ.
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Also, (2.5) gives
∫

|K + ℓId|2dπ =
∫

|K|2dπ − J2/n. Expand the square in (2.10) and substitute
these two equalities. This proves the identity, including the signed identity when J < nκ.

For J > nκ, both remainders are nonnegative and equality forces K = −ℓId everywhere.
Integrating the Hessian and using normalization and centering gives the Gaussian of precision ℓ.
Its score is s = −ℓx, and (A.2) gives ∇b = (ℓ − κ)s/2, so it attains equality. At J = nκ, equality
means B = 0, and (2.9) applies. □

Proof of the lower bound and feasibility in Theorem 1.1. Cramér–Rao gives SJ ≥ n2 [8]; see also
[11, equation (12)]. With (2.8), this is

(2.12) E ≥ (n − κS)2

4S
.

Minimization over 0 < S ≤ S0 gives e ≥ emin. Conversely, Gaussians with precision ℓ ≥
max{κ, n/S0} have S = n/ℓ and E = n(ℓ − κ)2/(4ℓ), which ranges continuously from emin to
infinity.

Next, S ≤ S0 and (2.8) give

J ≥ 4e + 2nκ − κ2S0 = nκ + 4(e − e∗).

If e > e∗, this lower bound exceeds nκ. The function j 7→ j(j − nκ)2 is strictly increasing there.
Proposition 2.2 therefore gives (1.7) as a lower bound. For e ≤ e∗ the claimed lower bound is zero.

If the positive lower bound is attained, strict monotonicity forces S = S0 and equality in (2.11).
Thus π is an isotropic Gaussian of precision ℓ > κ, with S0 = n/ℓ < n/κ. Its energy is exactly emin.
Conversely this Gaussian attains the bound. If a zero lower bound is attained, (2.9) forces e = 0
and S = n/κ ≤ S0. The matching minimizing sequences are constructed in Section 3. □

For the actual second moment, (2.11) gives

(2.13) 4κ

n
q2 + 16

n2 q3 ≤ B, q =
[
E − κ2

4

(
S − n

κ

)
+

]
+

.

For q > 0, the moment identity gives J ≥ nκ + 4q; the case q = 0 is immediate. In particular,

(2.14) S ≤ n/κ =⇒ E ≤ min

1
2

√
nB

κ
,

(
n2B

16

)1/3
 .

3. Minimizing sequences with prescribed moments

We use the separated Gaussian mixtures familiar from deficit instability [11, Section 6]. To control
B, we need an overlap estimate for third logarithmic derivatives that is uniform in the component
weights.

3.1. An overlap estimate. Let A take finitely many values a1, . . . , am with positive probabilities
w1, . . . , wm, and let Z be an independent centered Gaussian with covariance ℓ−1Id. Set X = A + Z.
Its density is

p(x) =
m∑

j=1
wjφℓ(x − aj), φℓ(x) =

(
ℓ

2π

)n/2
e−ℓ|x|2/2.

At a fixed x, write

rj(x) = Pr(A = aj | X = x), ā(x) = E[A | X = x], V (x) = Cov(A | X = x),

and put θ(x) = 1 −
∑

j rj(x)2. The quantity θ is small when one component accounts for most of
the density.
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Lemma 3.1 (Separated Gaussian components). Fix m, n and a compact interval of positive
precisions ℓ. Suppose |aj | ≤ R and |ai − aj | ≥ R for i ̸= j, with R ≥ 1. Uniformly over the positive
component weights, there are constants c, C > 0 and an integer N depending only on these fixed
parameters and κ such that ∫

(1 + |x|2)θ(x)p(x) dx ≤ C(1 + R2)e−cR2
,(3.1)

E |s(X) + ℓZ|2 + E
∣∣∣∣∇b(X) − ℓ(κ − ℓ)

2 Z

∣∣∣∣2 ≤ C(1 + RN )e−cR2
.(3.2)

Here b is defined by (1.2) for this density; centering is not needed for these estimates. Consequently,

(3.3) J −→ ℓId, B −→ n

4 ℓ(ℓ − κ)2

as R → ∞, uniformly in the weights and locally uniformly in ℓ.

Proof. Put gj = wjφℓ( · − aj). Since p ≥ gi + gj ,

pθ = 2
∑
i<j

gigj

p
≤ 2

∑
i<j

√
gigj .

Completing the square gives the exact product formula√
φℓ(x − ai)φℓ(x − aj) = e−ℓ|ai−aj |2/8φℓ

(
x − ai + aj

2

)
.

Its integral against 1 + |x|2 is at most C(1 + R2)e−cR2 . Summing over the fixed number of pairs
proves (3.1).

Let A′ be an independent conditional copy of A given X = x. Then

tr V (x) = 1
2E[|A − A′|2 | X = x] ≤ 2R2θ(x).

Since V is positive semidefinite, |V | ≤ tr V . For the contracted third central moment

T (x) = E[(A − ā)|A − ā|2 | X = x],

we also have |T | ≤ 2R tr V ≤ 4R3θ.
The Gaussian conditional-derivative identities [10] give

(3.4) s = −ℓ(x − ā), K = −ℓId + ℓ2V, ∇∆h = 1
2ℓ3T.

By (A.1),

∇b = −∇∆h − (∇2h)s

= ℓ(κ − ℓ)
2 (x − ā) + ℓ3

2
[
V (x − ā) − T

]
.(3.5)

The second term has squared norm at most C[R4θ2|x|2 + R6θ2]. Its integral tends to zero at the
rate in (3.2), because θ2 ≤ θ and (3.1) holds.

Under the joint law of (A, Z),

E|A − ā(X)|2 =
∫

tr V p dx ≤ 2R2
∫

θp dx.

Since X − ā(X) − Z = A − ā(X), this proves both comparisons in (3.2). The reference vectors −ℓZ
and ℓ(κ − ℓ)Z/2 have bounded second moments, with covariance ℓId and squared norm expectation
nℓ(ℓ − κ)2/4. Cauchy–Schwarz now gives (3.3). □
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3.2. Exact covariance and the lower envelope. Fix a total second moment T > 0 and a
precision ℓ ≥ n/T . For R large, define

(3.6) pR,ℓ,T (x) =
(

1 − T − n/ℓ

R2

)
φℓ(x) + T − n/ℓ

2nR2

n∑
i=1

[
φℓ(x − Rei) + φℓ(x + Rei)

]
.

If T = n/ℓ, this means the single Gaussian φℓ. Otherwise all the weights are positive once
R2 > T − n/ℓ. The density is centered and

(3.7) ΣR,ℓ,T = T

n
Id

for every R. Its score and all derivatives grow at most polynomially in x, so E, S, B are finite.
Lemma 3.1 and (2.8) show that

E(pR,ℓ,T ) −→ nℓ − 2nκ + κ2T

4 ,(3.8)

B(pR,ℓ,T ) −→ n

4 ℓ(ℓ − κ)2.(3.9)

The convergence is locally uniform in ℓ on any interval with ℓ > n/T .

Completion of the proof of Theorem 1.1. The Gaussian attainment cases were already proved. Con-
sider first e > e∗, outside those cases, and choose

T = S0, ℓ0 = κ + 4
n

(e − e∗).

The feasibility condition e ≥ emin implies ℓ0 ≥ n/T . Equality occurs only in the already treated
Gaussian boundary case, so here ℓ0 > n/T . Formulas (3.8)–(3.9) give energy tending to e and
forcing tending to the right side of (1.7).

For 0 < e ≤ e∗, necessarily S0 > n/κ. Choose instead

T = n

κ
+ 4e

κ2 ≤ S0, ℓ0 = κ > n/T.

The same formulas give energy tending to e and B → 0.
We must still arrange exactly E = e, not merely convergence to it. This can be done without

altering T . For X = A + Z, the standard conditional-score identity [10,16] gives

(3.10) J(pR,ℓ,T ) = nℓ − ℓ2E[tr Cov(A | X)].
For finite R and ℓ > n/T , the last expectation is strictly positive because distinct components have
positive densities everywhere. Thus E(pR,ℓ0,T ) < e.

For every sufficiently small fixed ε > 0, locally uniform convergence in (3.8) gives E(pR,ℓ0+ε,T ) > e
for all sufficiently large R. At fixed R, the energy is continuous in ℓ; this follows directly from the
finite mixture formula and a locally uniform Gaussian integrable bound. The intermediate value
theorem gives a root ℓR ∈ (ℓ0, ℓ0 + ε) with E = e. Choosing ε ↓ 0 along a sequence yields Rj → ∞
and ℓj → ℓ0, with exactly E = e and S = T ≤ S0. The convergence in (3.9) is unchanged. This
proves both sharpness and nonemptiness at every admissible e. □

These densities converge in total variation to φℓ0 . Their fixed second moment T exceeds the
limiting Gaussian moment by T − n/ℓ0, carried by components of total mass (T − n/ℓ0)/R2.

3.3. A prescribed information matrix. Let J , Q be as in Lemma 2.1. The matrix

(3.11) R = Q − J 2 =
∫

(K + J )2 dπ

is positive semidefinite. The identity follows from
∫

Kdπ = −J ; no commutation of K(x) and J is
assumed.



CRITICAL LOGARITHMIC SOBOLEV STABILITY 7

Proposition 3.2 (Exact matrix remainder). With M = J − κId,

(3.12) B − 1
4 tr(J M2) =

∫ ∣∣∣∇b − 1
2Ms

∣∣∣2 dπ + 1
2 tr(MR).

In particular, if J ⪰ κId, then B ≥ 1
4 tr[J (J − κId)2].

Proof. Expand the square and use 2
∫

∇b sT dπ = Q − κJ . The result is∫ ∣∣∣∇b − 1
2Ms

∣∣∣2 dπ = B − 1
2 tr[M(Q − κJ )] + 1

4 tr(M2J ).

Add 1
2 tr[M(Q − J 2)] and use M = J − κId. This proves (3.12). If M, R are positive semidefinite,

then tr(MR) = tr(M1/2RM1/2) ≥ 0. □

Theorem 3.3 (Optimal bound at a prescribed information matrix). If Σ ⪯ κ−1Id, then
(3.13) B ≥ 4κ tr(C2) + 16 tr(C3).
For every symmetric positive semidefinite matrix C0, the right side at C0 is the infimum of B among
densities with C = C0 and Σ ⪯ κ−1Id. It is also the infimum when Σ = κ−1Id is required. The
infimum is attained only for C0 = 0, by γκ.
Proof. Equation (2.8) gives J ⪰ κId + 4C ⪰ κId. The ordered eigenvalues of J therefore dominate
those of κId + 4C. The scalar function t(t − κ)2 is strictly increasing on [κ, ∞). Applying
Proposition 3.2 eigenvalue by eigenvalue gives

B ≥ 1
4 tr[J (J − κId)2] ≥ 1

4 tr[(κId + 4C)(4C)2],
which is (3.13). This argument uses eigenvalue monotonicity, not operator monotonicity of a cubic
polynomial.

Diagonalize C0, with eigenvalues c1, . . . , cn ≥ 0. For each ci > 0, apply the one-dimensional
construction in Theorem 1.1 with S0 = 1/κ and exactly E = ci. It gives centered densities of
variance 1/κ and forcing tending to 4κc2

i + 16c3
i . For ci = 0, use the Gaussian of variance 1/κ. Take

their product and rotate back to the eigenbasis of C0. The information matrices are diagonal before
rotation because the one-dimensional gradients have mean zero. The forcing potentials add, so B is
the sum of the component values. This proves sharpness with exactly C = C0 and exactly Gaussian
covariance.

Suppose equality holds and C ̸= 0. Strict eigenvalue monotonicity forces equality of all eigenvalues
in the second inequality above. Since J − (κId + 4C) is positive semidefinite, equality of their traces
forces J = κId + 4C and hence Σ = κ−1Id. Also tr(MR) = 0. Choose a unit eigenvector v of C
with eigenvalue c > 0. Then

0 = vT Rv =
∫

|(K + J )v|2 dπ, Kv = −(κ + 4c)v

everywhere. In coordinates with first axis v, the mixed derivatives of log p with that axis vanish and
its second derivative is −(κ + 4c). Hence the marginal along v is Gaussian with variance (κ + 4c)−1.
This contradicts vT Σv = κ−1. For C = 0, E = 0 and p is the Gaussian. □

Unlike (1.8), the matrix bound is unchanged on adjoining independent Gaussian coordinates.

4. Limits of all minimizing sequences

We now identify every minimizing-sequence limit, using standard Fisher-information regularity.
Lemma 4.1 (Compactness with a prescribed mean Hessian). Let pj be smooth positive centered
probability densities with uniformly bounded second moments and absolute Fisher information.
Suppose, for some ℓ > 0,

(4.1)
∫

|∇2 log pj + ℓId|2pj dx −→ 0.



8 CRITICAL LOGARITHMIC SOBOLEV STABILITY

Then
(4.2) pj −→ φℓ in L1(Rn), √

pj −→ √
φℓ in H1(Rn).

No uniform integrability of the second moments is asserted.
Proof. Write Kj = ∇2 log pj and uj = √

pj . The local second-order information estimate of
Gianazza–Savaré–Toscani [13], rescaled from B1 ⊂ B2, gives

(4.3)
∫

BR

(
|∇2√

p|2 + |∇p1/4|4
)

dx ≤ Cn

(∫
B2R

|∇2 log p|2p dx + R−2J

)
.

To check the scaling, apply the local estimate to Rnp(R ·): the second-order terms scale as R4, and
Fisher information as R2. The estimate applies here because p is smooth and positive, J < ∞,
and its weighted logarithmic Hessian is square integrable. Letting R → ∞ and using (4.1) gives a
uniform H2 bound for uj .

Rellich compactness gives a subsequence converging in H1 on every bounded ball to some u ≥ 0.
The moment bound gives

∫
|x|>R u2

jdx ≤ C/R2, hence global L2 convergence and ∥u∥2 = 1. The
interpolation estimate

∥∇(uj − u)∥2
2 ≤ ∥uj − u∥2 ∥∆(uj − u)∥2

then gives global H1 convergence. In particular pj → p = u2 in L1. Bounded second moments make
first moments uniformly integrable, so p is centered.

It remains to identify p, including the possibility that it vanishes. The identities
∇2pj = 4∇uj∇uT

j + pjKj

and (4.1) show that the right sides converge in L1 to 4∇u∇uT − ℓpId. Therefore p ∈ W 2,1(Rn) and
(4.4) ∇2p = 4∇u∇uT − ℓpId
in distributions and almost everywhere.

For almost every line parallel to a coordinate axis, Sobolev slicing makes p a W 2,1
loc function and

hence a continuously differentiable nonnegative function on that line. On each interval where it is
positive, (4.4) and p = u2 give

p′′ = (p′)2/p − ℓp, (log p)′′ = −ℓ.

Thus it is an exponential of a quadratic polynomial on that interval. Such a function has a positive
limit at every finite endpoint, so an interval of positivity cannot have a finite endpoint. Each such
slice is consequently either identically zero or positive on the whole line.

The indicator of {p > 0} is therefore constant on almost every coordinate line. Its distributional
gradient vanishes, so it is constant almost everywhere on Rn. Since

∫
p = 1, p > 0 almost everywhere.

The measurable function F = log p + ℓ|x|2/2 is affine on almost every coordinate line. It follows
by induction that F agrees almost everywhere with a polynomial of degree at most one in each
coordinate: choose two valid values of the first coordinate, express its slope and intercept by the
corresponding sections, and repeat in the remaining coordinates.

Apply the same slicing argument to the finitely many directions ei + ej . In these directions
(log p)′′ = −ℓ|ei + ej |2, so the polynomial F has zero second derivative in each of them. Its pure
coordinate second derivatives already vanish, hence all mixed second derivatives vanish as well.
Thus F is affine. Normalization and centering give p = φℓ.

Every convergent subsequence has this same limit. The compactness argument therefore proves
(4.2) for the full sequence. □

Lemma 4.2 (Transport and a lost second moment). Suppose pj → φℓ in L1(Rn), ℓ > 0, and∫
|x|2pj(x)dx → T < ∞. Then

(4.5) W 2
2 (pj dx, γκ) −→ T + n

κ
− 2n√

κℓ
.
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Proof. Take optimal couplings (Xj , Yj) with Xj ∼ pj and Yj ∼ γκ. Any weak subsequential limit
couples the Gaussians of precisions ℓ and κ. Their cross moments pass to the limit. Indeed, with
Tj = E|Xj |2 uniformly bounded,

E[|Xj ||Yj |1{|Yj |>K}] ≤
√

Tj

(∫
|y|>K

|y|2dγκ

)1/2

,

whereas
E[|Xj ||Yj |1{|Yj |≤K, |Xj |>M}] ≤ KTj/M.

With continuous cutoffs the truncated integrands are bounded and continuous, so weak convergence
applies. Every limit coupling has cross moment at most n/

√
κℓ by Cauchy–Schwarz. Since the cost

equals Tj + n/κ − 2E[Xj · Yj ], this proves the lower limit in (4.5).
For the matching upper bound, couple Xj ∼ pj and Z ∼ φℓ by their common density min(pj , φℓ),

putting Xj = Z on that part. Its mass tends to one. On the remaining part, Cauchy–Schwarz
bounds the absolute cross moment by the product of a bounded second-moment factor for Xj

and a factor tending to zero for Z. The latter tends to zero because the residual density of Z is
bounded by the fixed Gaussian density and has mass tending to zero. Thus E[Xj · Z] → n/ℓ. Taking
Y =

√
ℓ/κZ gives the required upper limit. □

Theorem 4.3 (Gaussian limit and lost second moment). Fix n, κ, S0, and an admissible e as in
Theorem 1.1. Let pj be smooth positive centered densities with Sj ≤ S0, Ej → e, and finite Bj

tending to the infimum (1.7). Put

(4.6) ℓ∗ = κ + 4
n

(e − e∗)+, T∗ = min
{

S0,
n

κ
+ 4e

κ2

}
.

Then

pj −→ φℓ∗ in L1,
√

pj −→ √
φℓ∗ in H1,

Sj −→ T∗, Jj −→ nℓ∗.(4.7)

In particular, the lost second moment is exactly T∗ − n/ℓ∗. Moreover,

(4.8) W 2
2 (pj dx, γκ) −→ T∗ + n

κ
− 2n√

κℓ∗
.

Proof. If e > e∗, the lower bound on Jj in Section 2 and strict monotonicity in (2.11) force
Jj → nℓ∗ > nκ. The right side of (2.10) tends to zero. Since its second coefficient stays positive, it
follows that

∫
|Kj + ℓ∗Id|2pj → 0.

If e ≤ e∗, the limiting infimum is zero. Equation (2.6) gives
∫

|∇2hj |2dπj ≤
√

EjBj → 0. Since
Kj + κId = 2∇2hj , the same weighted Hessian conclusion holds with ℓ∗ = κ. Integrating Kj then
gives Jj → κId.

In both cases Lemma 4.1 applies; the Fisher information is bounded by (2.8). That identity also
gives Sj → T∗. This proves (4.7).

The transport conclusion follows from Lemma 4.2 with ℓ = ℓ∗ and T = T∗. □

In every nonattainment case T∗ > n/ℓ∗, so the second moments are not uniformly integrable. The
next section describes their directional defect.

5. Second-moment defects and escaping profiles

At Bj → 0, bounded second moments give a Gaussian limit. The remaining moment may escape
in arbitrary directions, without determining the shape of each escaping component.
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Theorem 5.1 (All second-moment defects at small forcing). Let pj be smooth positive centered
densities with Ej < ∞, supj Sj < ∞, and Bj → 0. After passage to a subsequence, there is a finite
nonnegative Borel measure ν on Sn−1 such that

(5.1) pj → φκ in L1,
√

pj → √
φκ in H1,

and, for every continuous function a on Sn−1,

(5.2) lim
j

∫
|x|2a(x/|x|)pj(x) dx =

∫
|x|2a(x/|x|) dγκ(x) +

∫
a dν.

The value of the integrands at x = 0 is defined to be zero. In particular, with M =
∫

θθT dν(θ),

(5.3) Σj → κ−1Id + M, Cj → κ2

4 M, Ej → κ2

4 ν(Sn−1).

Also W 2
2 (πj , γκ) → ν(Sn−1). Every finite nonnegative ν occurs for a sequence of finite Gaussian

mixtures. In dimensions n ≥ 2 the defect need not be atomic; in every dimension its mass has no
quantization.

Proof. Proposition 2.2 bounds Jj uniformly whenever Jj ≥ nκ; the complementary case is already
bounded. The moment identity (2.8) bounds Ej , so (2.6) gives∫

|Kj + κId|2dπj = 4
∫

|∇2hj |2dπj ≤ 4
√

EjBj −→ 0.

Lemma 4.1 proves (5.1). Define finite measures on the sphere by

λj(A) =
∫

{x ̸=0: x/|x|∈A}
|x|2pj(x) dx.

Their masses are bounded, so a subsequence converges weakly to λ. For nonnegative continuous a,
first insert a compactly supported radial cutoff in the integral. Local L1 convergence identifies its
limit. Letting the cutoff radius tend to infinity shows that λ ≥ λγκ as measures. Set ν = λ − λγκ .
This proves (5.2). Strong H1 convergence of square roots gives Jj = 4

∫
∇√

pj∇√
pj

T dx → κId.
Taking a(θ) = θiθk in (5.2) and using (2.8) yields (5.3). Lemma 4.2 gives the transport limit.

For the converse, first let ν =
∑m

i=1 aiδθi
with distinct directions and ai > 0. For R2 >

∑
i ai, take

p̃R =
(

1 −
∑

i ai

R2

)
φκ +

m∑
i=1

ai

R2 φκ( · − Rθi).

Its mean is mR = R−1∑
i aiθi. Center it by subtracting mR. For this fixed configuration, the

separations are bounded below by a positive multiple of R; the proof of Lemma 3.1 therefore gives
BR → 0. Translation does not change B, by (2.2). Each satellite contributes aiδθi

to the limiting
angular second moment. For a smooth test a, the function x 7→ |x|2a(x/|x|) has gradient bounded
by C|x|, so centering changes its integral by o(1). Uniform approximation of continuous a by smooth
tests, using the bounded second moments, gives the same conclusion for every continuous test.
Finally approximate an arbitrary finite ν weakly by finite atomic measures with bounded masses,
and choose R successively large enough for each finite configuration. A diagonal sequence proves
the assertion. □

The moment description does not force normalized escaping profiles to be Gaussian.

Proposition 5.2 (Non-Gaussian normalized escaping profiles). Let q = Z−1
v evφκ be a centered

non-Gaussian density, with v ∈ C∞
c (Rn). Fix a > 0 and set εR = a/R2. Then

(5.4) pR = (1 − εR)φκ + εR

2
(
q( · − Re1) + q( · + Re1)

)
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is centered, has bounded second moment, and satisfies

(5.5) BR = εRB(q) + o(εR), ER −→ κ2a

4 ,
pR(Re1 + ·)

εR/2 −→ q in C3
loc.

Here B(q) is defined by the same critical equation. It is strictly positive.

Proof. Centered non-Gaussian examples of the stated class exist: take a nonconstant even compactly
supported v. The moment calculation is exact:

SR = n

κ
+ a + εR

(∫
|x|2q(x) dx − n

κ

)
.

We record the derivative estimate needed for BR. Let the three component densities be qi(x − ai),
where q0 = φκ, q1 = q2 = q, and ai = 0, Re1, −Re1. With weights wi, let ri = wiqi(x − ai)/pR(x).
Each qi is bounded above and below by fixed positive multiples of φκ. Its logarithmic derivatives
through order three grow at most linearly. Write si = ∇ log qi(x − ai), Ki = ∇2 log qi(x − ai), and
Ti = ∇3 log qi(x − ai). The mixture score s, Hessian K, and third derivative T satisfy

s =
∑

i

risi,

K =
∑

i

riKi +
∑

i

ri(si − s)⊗2,

T =
∑

i

riTi +
∑

i

ri Sym3
(
Ki ⊗ (si − s)

)
+
∑

i

ri(si − s)⊗3.

Here Sym3 is the sum over the three placements of the vector index. These formulas follow from
∇ri = ri(si − s). They are polynomials in the posterior weights and component derivatives, and
at a vertex ri = 1 they reduce to the derivatives of that component. Consequently, for some fixed
integer N ,

|∇bR(x) − ∇b(qi)(x − ai)| ≤ C(1 + |x| + R)N (1 − ri(x)).

This follows directly by subtracting the polynomial at the vertex ri = 1 of the probability simplex;
its coefficients have the displayed polynomial bound. Moreover,

pRrirk ≤ 1
2

√
wiwkqi(x − ai)qk(x − ak) (i ̸= k).

The Gaussian overlap calculation used in Lemma 3.1 thus gives∑
i

wi

∫
qi(x − ai)|∇bR(x) − ∇b(qi)(x − ai)|2 dx ≤ C(1 + RN ′)e−cR2

.

The estimate is uniform in the three weights. Since B(q0) = 0, the triangle inequality in the
joint label–observation L2 space proves BR = εRB(q) + o(εR). The same argument for the score
gives JR = (1 − εR)nκ + εRJ(q) + o(εR). Together with the exact moment formula and (2.8), this
proves the energy limit. On every compact set around Re1, the other two densities and their first
three derivatives are exponentially small relative to εR. This proves the local profile limit. Finally
B(q) > 0 by (2.9). □

The weighted norm vanishes because the component mass does, not because its normalized
residual vanishes. This is compatible with an unweighted H1 approximation that discards these
components, and with the different residual used by Wei–Wu [21].
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6. Transport consequences and optimal rates

For a centered density in our class, Gaussian logarithmic Sobolev and transport inequalities [14,20]
give

(6.1) Ent(π | γκ) ≤ 2E

κ
, W 2

2 (π, γκ) ≤ 4E

κ2 .

They apply because eh ∈ W 1,2(γκ) and S < ∞; in particular, the relative entropy is finite.

Corollary 6.1 (Fourth-power transport bound). If S ≤ n/κ and W = W2(π, γκ), then

(6.2) B ≥ κ5

4n
W 4 + κ6

4n2 W 6.

For fixed n, κ, the leading constant is sharp:

(6.3) lim
ε↓0

inf
Σ=κ−1Id

0<W2(π,γκ)≤ε

B

W 4
2 (π, γκ)

= κ5

4n
.

The infimum is over the smooth positive centered densities with finite E, S, B used above.

The sixth-power term is a valid global consequence. We claim optimality of the leading fourth-
power coefficient, not optimality of the entire right side at a prescribed nonzero transport distance.

Proof of Corollary 6.1. Use E ≥ κ2W 2/4 in (1.8). To prove optimality, take the minimizing family
at S0 = n/κ and energy e > 0. Its limiting precision is ℓ = κ + 4e/n. Lemma 4.2 gives

(6.4) W 2
2 −→ 2n

κ

(
1 −

√
κ

κ + 4e/n

)
, B −→ 4κ

n
e2 + 16

n2 e3.

The first limit is 4e/κ2 + O(e2) as e ↓ 0. Choose a diagonal sequence with the mixture errors smaller
than o(e2) in B and o(e) in W 2

2 . The ratio tends to κ5/(4n). All these densities have covariance
exactly κ−1Id. □

Corollary 6.2 (Failure beyond the moment threshold). For every S0 > n/κ and 0 < e ≤ e∗, there
are smooth positive centered densities with exactly E = e, with S = n/κ + 4e/κ2 ≤ S0, and with

B −→ 0, W 2
2 (π, γκ) −→ 4e

κ2 .

Moreover, for every fixed e > 0, there is a sequence of dimensions n → ∞ and densities with E = e,
Σ = κ−1Id, such that

B −→ 0, W 2
2 (π, γκ) −→ 4e

κ2 .

Thus a bound depending only on the scalar B cannot be both dimension-free and vanish with B, even
under exact Gaussian covariance.

Proof. For the first assertion use the low-energy construction, whose precision tends to κ, and apply
Lemma 4.2. For the second use (6.4) at fixed e and let n → ∞, choosing the component separation
sufficiently large at each dimension. The limiting forcing is 4κe2/n + 16e3/n2 → 0, and the limiting
transport cost tends to 4e/κ2. □

The analogous covariance and dimension obstructions for the deficit itself are established in [11];
here they hold even as the first variation vanishes.

For a noncentered π, center it and compare with γκ,m = N(m, κ−1Id), where m =
∫

x dπ. The
relevant energy and moment are I(π | γκ,m)/4 and

∫
|x − m|2dπ; B is unchanged. Moreover,

W 2
2 (π, γκ,a) = W 2

2 (π, γκ,m) + |m − a|2.
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7. Dimension-free estimates along the Ornstein–Uhlenbeck flow

For a centered probability measure π ∈ P2(Rn), let

(7.1) πt = Law

e−κtX +

√
1 − e−2κt

κ
Z

 , X ∼ π, Z ∼ N(0, Id), X ⊥ Z.

For t > 0, write pt = e2htφκ, define bt by (1.2), and put

(7.2) rt = ∇ log(pt/φκ), Gt = 2
κ

∇bt, g(t) = ∥Gt∥L2(πt).

The measure at time zero need not have a density.

Theorem 7.1 (Estimates from the forcing along the flow). For every centered π ∈ P2(Rn),

(7.3) W2(π, γκ) ≤
∫ ∞

0
(eκt − 1)g(t) dt.

If I = I(π | γκ) < ∞, then also
√

I ≤ κ

∫ ∞

0
eκtg(t) dt,(7.4)

Dκ(π) ≤ κ

2

∫ ∞

0

∫ ∞

0
eκ|t−s|g(t)g(s) dt ds.(7.5)

All integrals are nonnegative extended integrals. The constants in these three inequalities are sharp.
Each inequality is equality for every centered isotropic Gaussian, in every dimension.

Centering is necessary: translated Gaussians have Gt = 0. For a measure of mean m, the
same right sides control distance to N(m, κ−1Id),

√
I(π | γκ) − κ2|m|2, and the unchanged deficit.

Translation along the flow subtracts e−κtm and leaves g(t) unchanged.
The centered endpoint below uses only a second moment.

Lemma 7.2 (Centered endpoint). For π as in (7.1),

(7.6) lim
t→∞

eκt
√

I(πt | γκ) = 0.

At every positive time, the quantities Et, St, Bt in (1.3) are finite.

Proof. Set τ = e−κt, σ2 = (1 − τ2)/κ, and Y = τX + σZ. The conditional-score representation used
in [16, Section 3], rescaled to curvature κ, gives

(7.7) rt(Y ) = τ

σ2
(
E[X | Y ] − τY

)
.

We claim that E[X | Y ] → 0 in L2 as τ → 0. Indeed, the joint law of (X, Y ) converges in total
variation to the product of the law of X and N(0, κ−1Id). For each fixed x, the conditional Gaussian
density converges in L1; integration in x is justified by the bound 2 on its L1 distance. The same
holds with the actual marginal law of Y in the product. Thus, for every bounded centered function
f(X),

E
∣∣E[f(X) | Y ]

∣∣ −→ 0.

The conditional expectation is uniformly bounded, so convergence also holds in L2. Approximate
each coordinate of X in L2 by a bounded function and use contraction of conditional expectation.
Since EX = 0, this proves the claim. Also τY → 0 in L2. Dividing (7.7) by τ proves (7.6).

The Gaussian conditional-derivative formulas [10,16] also give
∇ log pt(Y ) = −σ−1E[Z | Y ], ∇2 log pt(Y ) = σ−2(Cov(Z | Y ) − Id

)
.

Third derivatives of log pt are σ−3 times conditional third cumulants of Z, up to sign. Conditional
Jensen and Hölder inequalities therefore give all finite Lq(πt) norms of these derivatives. The
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absolute formula (2.2) gives Bt < ∞. The second moment is finite by (7.1), and the score relation
gives Et < ∞. □

Proof of Theorem 7.1. Write It =
∫

|rt|2dπt, v(t) =
√

It, and Ht =
∫

|∇2ht|2dπt. The classical
entropy and Fisher information identities for the Ornstein–Uhlenbeck semigroup [2, Chapter 5], also
used in [16], combine with (2.6) to give

d

dt
Ent(πt | γκ) = −It, I ′

t = −2κIt − 8Ht,

Dκ(πt)′ = − 4
κ

Ht,

∫
rt · Gt dπt = 4

κ
Ht.(7.8)

These identities are used only at positive times, where Lemma 7.2 supplies the integrability. Define

α(t) =
∫

rt · Gt dπt

v(t) = 4Ht

κv(t)
when v(t) > 0, and set α(t) = 0 otherwise. Then 0 ≤ α(t) ≤ g(t) and

v′ = −κv − κα.

If It = 0 at any positive time, Gaussian deconvolution in (7.1) shows that π = γκ, and all conclusions
are immediate. Otherwise v > 0. Integration backwards from the endpoint (7.6) gives the exact
formula

(7.9) v(t) = κ

∫ ∞

t
eκ(s−t)α(s) ds.

The entropy flow has metric speed v(t) [1, Chapters 8 and 11]; see also [15, Section 3]. Since
πt → π in W2 as t ↓ 0 and πt → γκ in W2 as t → ∞, Tonelli’s theorem and (7.9) give

W2(π, γκ) ≤
∫ ∞

0
v(t) dt =

∫ ∞

0
(eκs − 1)α(s) ds.

This proves (7.3). The statement remains valid when the right side is infinite.
Suppose now that I0 < ∞. Strong continuity and lower semicontinuity, together with It ≤ e−2κtI0,

give It → I0 as t ↓ 0. Multiplying (7.9) by eκt and letting t ↓ 0 proves (7.4). The entropy is continuous
at zero and both entropy and information tend to zero at infinity. Hence (7.8) yields

Dκ(π) =
∫ ∞

0
v(t)α(t) dt

= κ

2

∫ ∞

0

∫ ∞

0
eκ|t−s|α(t)α(s) dt ds.(7.10)

In the second equality use (7.9) on the triangle s > t and symmetry; the diagonal has Lebesgue
measure zero. The inequality α ≤ g proves (7.5).

To check sharpness, take π = N(0, a0κ−1Id) with a0 > 0. Along the flow,

at = 1 + (a0 − 1)e−2κt, v(t) =
√

nκ
|at − 1|

√
at

, Gt = a−1
t rt.

Thus α = g identically. The Gaussian path changes only its scalar standard deviation and is a
reparametrized W2 geodesic. Its length is exactly

√
n/κ |√a0 − 1|. All three bounds are therefore

equalities, and their multiplicative constants cannot be decreased. □

Corollary 7.3 (No fixed observation interval suffices). Fix T < ∞ and a > 0. There are centered
smooth positive densities pR with uniformly bounded second moment such that

sup
0≤t≤T

gR(t) −→ 0, W 2
2 (pR dx, γκ) −→ a.
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Proof. Use the three-component mixture (8.4) below with εR = a/R2. Under (7.1) its weights and
component covariances stay fixed, while its centers become 0 and ±e−κtRe1. These centers remain
uniformly separated on [0, T ]. Lemma 3.1, with ℓ = κ, gives an exponentially small bound for BR(t),
uniform on that interval. Lemma 4.2 gives the stated limit of W 2

2 . □

The deficit dissipation is 4Ht/κ, not ∥Gt∥2
2. The exact identity (7.10) uses the projection α of Gt

onto the relative score.

8. Comparison with minimization of the deficit

8.1. The classical constrained deficit bound. Stam’s dimensional entropy–Fisher inequality [19]
reads

(8.1) Dκ(π) ≥ n

2

(
J

nκ
− 1 − log J

nκ

)
,

with equality exactly for isotropic Gaussians. See [4, Section 2] and [11, Section 1.2] for this
normalization. Under the constraints of Theorem 1.1, its classical consequence is

(8.2) inf Dκ = n

2
(
r − log(1 + r)

)
, r = 4(e − e∗)+

nκ
.

The lower bound follows from (2.8). The same exact-information mixtures give the upper bound:
their label entropy tends to zero, and the entropy chain rule [8, 11] gives

(8.3)
∫

p log p =
∫

φℓ log φℓ − H(A) + H(A | X), 0 ≤ H(A | X) ≤ H(A).

Equality in (8.1) gives the same attainment cases as Theorem 1.1. Dovetta–Serra [9] minimize a
different quotient. The next calculation explains why these escaping sequences cannot minimize it.

8.2. Distance to the Gaussian cone. Let a > 0, εR = a/R2, and, for R sufficiently large, set

(8.4) pR = (1 − εR)φκ + εR

2
(
φκ( · − Re1) + φκ( · + Re1)

)
.

Let
Mκ = {c

√
φκ( · − m) : c ∈ R, m ∈ Rn}

be the cone of Gaussian square roots of the reference variance. At κ = 2π, this is the cone in [9],
and their Euclidean deficit at u = √

p, ∥u∥2 = 1, is πD2π(p dx). Other values of κ are related by a
fixed spatial rescaling.

Proposition 8.1 (Divergence of the deficit quotient). For (8.4),
(8.5) Dκ(pR dx) ∼ εR log(1/εR), dist2

L2(√pR, Mκ) ∼ εR.

Consequently their quotient tends to infinity, although BR → 0 and W 2
2 (pR dx, γκ) → a.

Proof. For the latent center A ∈ {0, Re1, −Re1}, (3.10) and (8.3) give the exact identity

Dκ(pR dx) = H(A) − H(A | X) − κ

2E tr Cov(A | X).

The last term is exponentially small by Lemma 3.1. The conditional entropy is also exponentially
small: for three probabilities ri, the elementary bound −

∑
i ri log ri ≤ C(1 −

∑
i r2

i )1/2, followed by
Cauchy–Schwarz and (3.1), gives this conclusion. The label entropy is

H(A) = −(1 − εR) log(1 − εR) − εR log(εR/2) ∼ εR log(1/εR).
This proves the first assertion.

Put AR(m) =
∫ √

pR(x)φκ(x − m) dx. The Gaussian-cone distance formula [9, Remark 2.2] gives
dist2

L2(√pR, Mκ) = 1 − sup
m

AR(m)2.
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The Gaussian affinity formula and
√

u + v + w ≤
√

u +
√

v +
√

w imply

AR(m) ≤
√

1 − εRe−κ|m|2/8

+
√

εR/2
(
e−κ|m−Re1|2/8 + e−κ|m+Re1|2/8

)
.

For |m| ≤ R/3, this is at most
√

1 − εR+Ce−cR2 . For |m| > R/3, it is at most Ce−cR2 +
√

2εR, which
is smaller for large R. Conversely, AR(0) ≥

√
1 − εR. Therefore supm AR(m)2 = 1 − εR + O(e−cR2).

The second assertion follows. The limits of BR and W 2
2 follow from Lemmas 3.1 and 4.2. □

The quotient diverges because mixing entropy has order ε log(1/ε), whereas squared distance to
the Gaussian cone has order ε.

9. Metric slope and weighted manifolds

The first-variation field in (1.5) describes smooth transport perturbations. A metric-slope identity
must also control arbitrary nearby measures. The following argument uses HWI for this comparison;
it does not assume displacement convexity of Fisher information [13,17].

9.1. The metric slope at regular densities. Let (M, g) be a connected closed Riemannian
manifold and dµ = e−f dvg a smooth probability measure. For c > 0, define

Dµ
c (ρµ) = 1

2c

∫
|∇ log ρ|2ρ dµ −

∫
ρ log ρ dµ.

Information is understood as 4
∫

|∇√
ρ|2dµ, and the functional is +∞ when this is infinite. The

descending metric slope is

|∂Dµ
c |(π) = lim sup

η→π in W2
η ̸=π

(Dµ
c (π) − Dµ

c (η))+
W2(π, η) .

No smoothness is imposed on the competing measures η.

Theorem 9.1 (Metric slope at a positive smooth density). Suppose M is closed and ρ is smooth,
positive, and normalized. Put

h = 1
2 log ρ, b = −∆f h − |∇h|2 − ch.

Then

(9.1) |∂Dµ
c |2(ρµ) = 4

c2

∫
|∇b|2ρ dµ.

The same assertion holds for Dκ on P2(Rn) at every density

(9.2) p(x) = Z−1 exp
(
−1

2(x − m)T A(x − m) + v(x)
)

, A ≻ 0, v ∈ C∞
c (Rn),

with c = κ. In both cases the slope is taken over the full Wasserstein space, including nonsmooth
finite-information competitors.

Proof. Write π = ρµ and F = δDµ
c /δπ = 2b/c − 1. For any competing probability measure η of

finite information, expansion of relative Fisher information and relative entropy gives

(9.3) Dµ
c (η) − Dµ

c (π) =
∫

F d(η − π) + 1
2c

I(η | π) − Ent(η | π).

To see the information expansion, write dη = σ dµ and expand ∇ log σ = ∇ log(σ/ρ) + ∇ log ρ;
integration of the cross term leaves −2∆f log ρ − |∇ log ρ|2 as the linear coefficient. The entropy
expansion is the definition of relative entropy. Approximation in H1 of the square-root density
extends the identities to finite-information competitors. On a closed manifold the coefficients are
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bounded; for (9.2) they have at most quadratic growth, so the finite second moment controls the
additional terms.

At the base measure π, the weighted Ricci tensor is bounded below by −Kg for some K ≥ 0.
The HWI inequality of Otto–Villani [18], in its weighted-manifold form [2, Chapter 9], implies, with
W = W2(η, π),

Ent(η | π) ≤ W
√

I(η | π) + K

2 W 2.

Completing the square gives

(9.4) 1
2c

I(η | π) − Ent(η | π) ≥ −c + K

2 W 2.

Also ∇2F ≥ −Lg for some L ≥ 0. Integrating the second-order lower bound for F along minimizing
geodesics in an optimal coupling, and using Cauchy–Schwarz, yields∫

F d(η − π) ≥ −∥∇F∥L2(π)W − L

2 W 2.

Together with (9.3)–(9.4), this proves |∂Dµ
c |(π) ≤ ∥∇F∥2. The curvature and Hessian bounds are

automatic on the closed manifold. For (9.2), − log p and F are quadratic outside a compact set, so
the same bounds hold globally.

For the reverse inequality, transport π by the smooth field −∇F . On a closed manifold its
short-time flow gives

d

dt
Dµ

c (πt)
∣∣∣∣
t=0

= −∥∇F∥2
2, W2(πt, π) ≤ t∥∇F∥2 + o(t).

On Rn, first use compactly supported gradient fields approximating −∇F in L2(π), and then pass
to the limit. Such approximation follows by cutting off the potential F , which has quadratic growth
while π has Gaussian tails. This proves the reverse inequality and (9.1). □

9.2. Energy dissipation and the sphere. The corresponding smooth evolution is

(9.5) ∂tρ = divµ(ρ∇Fρ), Fρ = −1
c

∆f log ρ − 1
2c

|∇ log ρ|2 − log ρ − 1,

where divµ X = ef div(e−f X). This is a fourth-order equation, distinct from the Ornstein–Uhlenbeck
flow used in Section 7. Information-driven fourth-order Wasserstein flows are classical [17]; the
negative entropy term in (9.5) is part of the present functional.

For a smooth positive normalized solution on a closed manifold, the standard metric-speed and
chain-rule identities [1, Chapter 8], together with Theorem 9.1, give

(9.6) Dµ
c (πt) + 1

2

∫ t

s
|π̇r|2W2 dr + 1

2

∫ t

s
|∂Dµ

c |2(πr) dr = Dµ
c (πs).

Indeed, the velocity is −∇Fρ, whose norm is the metric speed, and dDµ
c /dt = −∥∇Fρ∥2

2. This
assertion is restricted to the interval of smooth positive existence.

In Euclidean space the Gaussian family gives global solutions. For N(m, Σ),

G(x) = κ−1Σ−1(κId − Σ−1)(x − m).

The linear velocity −G fixes the mean and yields

(9.7) Σ̇ = 2
κ

Σ−1 − 2Id.

The eigenvectors are fixed, and each eigenvalue satisfies σ̇ = 2/(κσ) − 2. Positive eigenvalues stay
positive and converge to κ−1. Direct differentiation gives (9.6) along these curves.
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On the unit sphere Sn with uniform probability measure, the sharp logarithmic Sobolev coefficient
is c = n [3, 5, 6], not the Ricci coefficient n − 1. Theorem 9.1 therefore identifies the squared metric
slope of the sharp spherical deficit as

4
n2

∫ ∣∣∣∇(∆h + |∇h|2 + nh
)∣∣∣2 e2h dµ.

Equations (9.5) and (9.6) apply with c = n. The constructive spherical stability inequalities are
proved in [5, 6].

Corollary 9.2 (Heat-flow control on closed weighted manifolds). Let M be closed and connected,
let dµ = e−f dvg be a smooth probability measure, and assume Ric +∇2f ≥ κg for κ > 0. Let πt be
the weighted heat flow from any probability measure π. At t > 0, put

g(t) = |∂Dµ
κ |(πt).

Then (7.3) holds with µ in place of γκ. If I(π | µ) < ∞, the information and deficit bounds
(7.4)–(7.5) hold as well, with the same replacements. No centering condition is needed.

Proof. At every positive time the heat density is smooth and strictly positive, so Theorem 9.1
identifies g with the first-variation norm. Set rt = ∇ log(dπt/dµ), v(t) =

√
It, and Gt = ∇Fρt . The

usual integrated Bochner identity [2] gives

− d

dt
Dµ

κ(πt) = 1
κ

∫ (
|∇2 log ρt|2 + (Ricf −κg)(rt, rt)

)
dπt ≥ 0.

The left side is
∫

rt · Gt dπt. Thus α(t) =
∫

rt · Gt dπt/v(t) is nonnegative, bounded by g(t), and
again satisfies v′ = −κv − κα.

The weighted Bochner bound gives λ1 ≥ κ for the first positive eigenvalue of −∆f [2]. Equality
would force a nonconstant eigenfunction to have zero Hessian, impossible on a closed manifold.
Thus λ1 > κ. Spectral decay after a positive regularization time gives ρt → 1 uniformly and
∥∇ρt∥2 = O(e−λ1t). Hence eκtv(t) → 0, and the proof of Theorem 7.1, including its time-zero limits,
applies. □

On Sn, n ≥ 2, the corollary uses κ = n − 1, not the sharp spherical coefficient n.
The slope theorem assumes a regular base measure. We make no claim about slopes at arbitrary

nonsmooth densities or global weak solutions of the fourth-order flow.

Appendix A. Cutoffs and global integration

We verify the global identities under E, S, B < ∞. The pointwise Bochner and score formulas
are classical [2, 8]; the issue is their integrability and boundary terms.

Proof. Choose ηR ∈ C∞
c (Rn) with 0 ≤ ηR ≤ 1, ηR = 1 on the ball of radius R, support in the ball

of radius 2R, and |∇ηR| ≤ c/R. For HR =
∫

η2
R|∇2h|2dπ and YR =

∫
|∇ηR|2|∇h|2dπ, the Gaussian

Bochner formula [2], tested with η2
R, gives

HR =
∫

η2
R∇h · ∇b dπ −

∫
ηR∇ηR · ∇|∇h|2 dπ ≤

√
EB + 2

√
HRYR.

Since YR ≤ c2E/R2, Young’s inequality bounds HR. Fatou gives H :=
∫

|∇2h|2dπ < ∞, and the
boundary term is at most 2

√
HYR → 0. Dominated convergence proves (2.6); K = 2∇2h − κId

then belongs to L2(π).
The classical score identities [8] follow by the same cutoff: s, K, x ∈ L2(π) and |∇ηR| ≤ c/R make

their boundary terms vanish. This gives (2.5).
Differentiating (1.2) gives

(A.1) L(∂ih) = −∂ib.
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Testing against ηR and using ∇2h ∈ L2(π) proves
∫

∂ib dπ = 0. Since Lx = s, (2.3) and (A.1) yield
(A.2) Ls = −κs − 2∇b.

Test the ith component against η2
Rsj . The cutoff term tends to zero: its absolute value is at most

2c

R
∥sj∥L2(π)∥∇si∥L2(π).

The other terms converge by s, K, ∇b ∈ L2(π). Thus
∫

∇si · ∇sjdπ = κ
∫

sisjdπ + 2
∫

(∂ib)sjdπ,
which is (2.7).

Finally, centering gives
∫

∇h = 0, and the score identities justify the standard relation (2.8). □
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